Integrable Heisenberg ferromagnetic equations are an important subclass of integrable systems. The M-XCIX equation is one of a generalizations of the Heisenberg ferromagnetic equation and are integrable. In this paper, the Darboux transformation of the M-XCIX equation is constructed. Using the DT, a 1-soliton solution of the M-XCIX equation is presented.
Introduction
During the past decades, there has been an increasing interest in the study of nonlinear models, especially, integrable nonlinear differential equations. Such integrable equations admit in particular soliton or soliton-like solutions. The study of the solitons and related solutions have become one of active areas of research in physics and mathematics. There are several methods to find soliton and other exact solutions of integrable equations, for instance, Hirota method, inverse scattering transformation, bilinear method, Darboux transformation and so on. Among these methods, the Darboux transformation (DT) is a efficient method to construct the exact solutions of integrable equations.
Among of integrable systems, the Heisenberg ferromagnetic equation (HFE) plays an important role in physics and mathematics [1] - [15] . In particular, it describes nonlinear dynamics of magnets. Also the HFE can reproduce some integrable classes of curves and surfaces in differential geometry. There are several types integrable HFE. In this paper, we construct the DT for the HFE with selfconsistent potentials. Using the DT, we provide soliton solutions of the HFE with self-consistent potentials.
The paper is organized as follows. In section 2, the M-XCIX equation and its Lax representation are introduced. In section 3, we derived the DT of the M-XCIX equation. Using these Darboux transformations, one soliton solutions are derived in section 4. Section 5 is devoted to conclusion.
The M-XCIX equation
The M-XCIX equation reads as (about our notation and definitons, see e.g. [23] - [24] )
2) 
where the matrix operators U and V have the form
Here
8)
At last, we note that if W = 0 then the M-XCIX equation becomes the usual HFE 
where
We require that Φ ′ satisfies the same Lax representation as (2.3)-(2.4) so that
where U ′ − V ′ depend on S ′ and W ′ as U − V on S and W . The matrix L obeys the following equations
These equations yield the following equations for N N x = iS ′ − iS, (3.8)
Also we have the following useful second form of the DT for S:
3.1.1 One-fold DT in terms of the N matrix
We now ready to write the DT for the M-XCIX equation in the explicit form. It can be shown that the matix N has the form 13) so that
and
Finally we have
19)
20)
At last, we give the another form of the solutions of S as:
so that
24) 
27) It satisfies the system: 30) det H = 0 and λ k are complex constants. We now assume that the matrix N can be written as:
From these equations follow that N obeys the equations
which are equivalent to Eqs.(3.8)-(3.9) as we expected. In order to satisfy the constraints of S and W , the S and matrix solutions of the system (2.3)-(2.4) obey the condition
which follow from the equations
Here † denote an Hermitian conjugate. After some calculations we came to the formulas
36)
So finally for the matrix N we get the following expression
Hence we can write the DT in terms of the eigenfunctions of the Lax representations ()-() as
40)
and similarly for W . Lastly let us unify our notations rewriting the 1-fold DT as:
and l 0 1 = −I. Then the 1-fold DT takes the form
Two-fold DT
In this subsection we want give some main formulas of the 2-fold DT. We start from the transformation
Here l
We have
Then Eq.(3.52) gives the coefficients of λ i as:
Hence in particular we get
We need in the following formulas:
Then coefficients of λ i of two sides of the equation (3.53) give us the following equations
60)
62)
63)
Hence we obtain the following 2-fold DT:
Note these equations we can rewrite as
respectively.
n-fold DT
Let us now we construct the n-fold DT. It has the form
where l 0 n = (−1) n I. The n-fold DT of the M-XCIX equation can be written as:
Hence, in particular, we obtain
Soliton solutions
Now we consider a seed solution
where b = const(t). Then we get
Now we are ready to write the solutions of the M-XCIX equation in terms of the elements of N . We get = −2bn 12 (ωn 11 + 1) , (4.8)
In our case the eigenfunctions are given by
10)
where λ = α + iβ and δ i are complex constants. Finally the 1-soliton solution of the M-XCIX equation has the form
12)
15)
16)
17)
Similarly, we can find solutions for W . They have the form 
Conclusion
In this paper, we have derived the DT of the M-XCIX equation including one-fold, two-fold and n-fold DT. This equation describe a nonlinear dynamics of the (1+1)-dimensional ferromagnets with self-consistent potentials and is integrable. As an example, the 1-soliton solution of the M-XCIX equation have been constructed explicitly by using the DT from some trivial seed solution.
Of course, in a recursive manner, we can construct the n-soliton solution as well as the other type nonlinear solutionslike: breathers, rogue waves, positons and so on. We will study some important generalizations of the M-XCIX equation in future.
